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We obtain necessary and suﬃcient conditions for a ﬁnite group G
to possess an “unfaithful minimal Heilbronn character”—a virtual
character but not a character of G whose inner product with ev-
ery monomial character is nonnegative, whose restriction to every
proper subgroup and quotient is a character, and whose restric-
tion to some proper subgroup is unfaithful. We give an application
constraining hypothetical minimal counterexamples to Artin’s Con-
jecture on the holomorphy of L-series.
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1. Introduction and statement of results
Call a virtual character θ of a ﬁnite group G a Heilbronn character if its inner product with every
monomial character of G is nonnegative. If moreover θ restricts to a character of every proper sub-
group and quotient (where we deﬁne the restriction of θ to G/N as the sum of the constituents of θ
whose kernels contain N), but is not a character of G itself, then θ is said to be minimal.
Heilbronn characters have been studied extensively in the context of Artin’s Conjecture on the
holomorphy of L-series—see for example [1–8]. If E/F is a ﬁnite Galois extension of number ﬁelds
and χ is a character of the associated Galois group, then the Artin L-series L(s,χ, E/F ) has a mero-
morphic continuation to the entire complex plane. Artin’s Conjecture is that this continuation is in fact
holomorphic except for a possible pole at s = 1. This is known to be true for all monomial characters,
and otherwise, except for a few special cases, remains an open problem of considerable importance.
Fix a point s0 ∈ C − {1}, and let ords=s0 L(s,χ, E/F ) denote the order of zero or pole of the
L-series at s0. Heilbronn ﬁrst introduced in [9] the following virtual character of the Galois group
G = Gal(E/F ):
θ =
∑
χ∈Irr(G)
ords=s0 L(s,χ, E/F ) · χ.
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when no L-series has a pole there). It is shown in [6] and [10] that θ is a Heilbronn character, and is
a minimal Heilbronn character if and only if E/F is a minimal counterexample to Artin’s Conjecture
at s0 (in the sense that no proper Galois subextension E1/F1 of E/F is also a counterexample at s0
for any character ψ of Gal(E1/F1)). Furthermore the degree of θ is shown to be the order of zero
of the Dedekind ζ -function ζE (s) at s = s0, hence provides an important bridge between the number
theoretic properties of the ﬁeld extension and the character theoretic properties of the Galois group.
If P is a Sylow p-subgroup of G and θ is a minimal Heilbronn character, then θ |P is a charac-
ter and so the p-rank of P/ker θ |P is at most θ(1) (since an elementary abelian p-group does not
have a faithful complex representation of degree less than its rank). In particular, θ(1) would bound
the p-rank of G itself if θ |P were faithful. It is natural, then, to consider the situation when θ |P is
unfaithful, or more generally, when θ |H is an unfaithful character of some proper subgroup H of G .
When this occurs we call θ an unfaithful minimal Heilbronn character.
We have captured in our deﬁnition of Heilbronn characters both the known holomorphy properties
and the precise inﬂation/restriction behavior of Artin L-series. Our deﬁnition, however, is independent
of L-series, and allows us to consider Heilbronn characters and minimal Heilbronn characters of ar-
bitrary ﬁnite groups, without requiring that they be Galois groups (and without hypothesizing any
failure of Artin’s Conjecture). Our main theorem following is thus a general result about the character
theory of ﬁnite groups. It gives a complete characterization of the occurrence of unfaithful minimal
Heilbronn characters.
Theorem 1. Suppose G is a ﬁnite group with an unfaithful minimal Heilbronn character θ . Then θ restricts
to an unfaithful character of some Sylow subgroup of G, and if P is a Sylow p-subgroup of G on which θ is
unfaithful, then all of the following hold:
(i) p is odd,
(ii) G is quasisimple with a cyclic center of order prime to p,
(iii) P is cyclic,
(iv) NG(P ) is a maximal subgroup of G, and
(v) either NG(P ) is the unique maximal subgroup of G containing Ω1(P ), or G/Z(G) ∼= L2(q) for q an odd
prime with p dividing q − 1. (In the latter case Ω1(P ) is also contained in a Borel subgroup NG(Q ) for
some Sylow q-subgroup Q of G.)
Conversely, suppose G is a ﬁnite group and for some prime p and Sylow p-subgroup P of G conditions (i)–(v)
above hold. Then G has a minimal Heilbronn character that restricts to an unfaithful character of P . Moreover
if P1 is any nontrivial subgroup of P , then G has a minimal Heilbronn character whose restriction to P has
kernel precisely P1 .
We have already observed that if θ restricts to a faithful character of P , then the p-rank of G is at
most θ(1). Theorem 1 says that if instead θ |P is unfaithful, then P is necessarily cyclic. In this case
the p-rank of G is 1, which is certainly less than or equal to θ(1). Thus we have:
Corollary 1. If θ is a minimal Heilbronn character of the ﬁnite group G, then the p-rank of G is at most θ(1)
for any prime p dividing the order of G.
Interpreted number theoretically, Corollary 1 places constraints on potential minimal counterex-
amples to Artin’s Conjecture:
Corollary 2. Let E/F be a ﬁnite Galois extension of number ﬁelds with Galois group G. If the order of zero of
the Dedekind zeta function ζE (s) at some ﬁxed point s = s0 ∈ C − {1} is strictly less than the p-rank of G for
any prime p dividing |G|, then E/F is not a minimal counterexample to Artin’s Conjecture at s0 .
We prove Theorem 1 in Sections 3 and 4 after some preliminary lemmas in Section 2.
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We begin by establishing the basic properties of Heilbronn characters (in Lemma 2.1) and minimal
Heilbronn characters (in Lemma 2.2).
Lemma 2.1. Suppose θ is a Heilbronn character of G. Then:
(i) If H  G, then θ |H is a Heilbronn character of H.
(ii) If N  G, then θ |G/N is a Heilbronn character of G/N.
(iii) If H  G, H is an M-group, and θ is nonzero, then θ |H is a character of H (this applies, in particular, when
H is nilpotent).
(iv) θ is a minimal Heilbronn character of G if and only if θ is not a character of G, θ |H is a character of H for
every proper subgroup H of G, and 〈θ,χ 〉 0 for every unfaithful irreducible character χ of G.
Proof. If ψ is a monomial character of H  G , then by the transitivity of induction IndGH (ψ) = ψ∗
is a monomial character of G . Hence by Frobenius Reciprocity 〈θ |H ,ψ〉 = 〈θ,ψ∗〉, which is nonnega-
tive, proving (i). It follows immediately that the restriction of θ to an M-group is a character, which
is (iii).
For (ii), let μ̂ be a monomial character of G = G/N induced from a linear character λ̂ of
some subgroup H = H/N . By Frobenius Reciprocity 〈θ |G , μ̂〉 = 〈θ |H , λ̂〉, which is 〈θ |H , λ〉 for some
linear character λ of H having N in its kernel. This quantity is nonnegative by part (i), establish-
ing (ii).
Finally, for (iv) recall that the restriction of θ to G/N is the sum of the constituents of θ having N
in their kernels. Thus θ restricts to a character of every proper quotient of G if and only if 〈θ,χ 〉 0
for every unfaithful χ ∈ Irr(G). 
Lemma 2.2. Suppose θ is a minimal Heilbronn character of G. Then:
(i) G is not an M-group (in particular, G is not nilpotent).
(ii) If H < G, then ker θ |H  H.
(iii) 〈θ,χ 〉 < 0 for some irreducible character χ of G, and every such irreducible character χ is faithful, non-
linear, and primitive.
Proof. Setting H = G in Lemma 2.1 part (iii) yields (i), and since θ |H is a character of H , (ii) is clear.
We proceed to prove (iii).
Since θ is a virtual character but not a character of G , 〈θ,χ 〉 < 0 for some irreducible charac-
ter χ . If χ is linear then in fact χ is monomial, whence 〈θ,χ 〉 < 0 is a contradiction. Thus χ is
nonlinear.
If χ is induced from a character ψ of a proper subgroup H of G , then by Frobenius Reciprocity
〈θ |H ,ψ〉 < 0. Thus θ |H is not a character of H , a contradiction. Hence χ is primitive.
Suppose, ﬁnally, that χ is unfaithful, and let K = kerχ . Then K  G and χ corresponds to a char-
acter χ̂ of G/K . Moreover 〈θ |G/K , χ̂〉 = 〈θ,χ 〉 < 0, so θ |G/K is not a character of G/K , a contradiction.
Hence χ is faithful, completing the proof. 
The following two properties of quasisimple groups are well known, and are elementary conse-
quences of Clifford’s Theorem and Burnside’s N/C Theorem, respectively.
Lemma 2.3. Let G be a quasisimple group.
(i) If Z(G) is cyclic, then G possesses a faithful irreducible character.
(ii) If a Sylow p-subgroup of G is cyclic, then p does not divide the order of the Schur multiplier of G/Z(G).
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We establish in this section the necessary conditions for a ﬁnite group to possess an unfaithful
minimal Heilbronn character, proving one direction of Theorem 1. We ﬁx the following notation for
the duration of Section 3:
◦ θ is an unfaithful minimal Heilbronn character of the ﬁnite group G .
It follows that θ is necessarily unfaithful on a Sylow subgroup of G: Let θ(x) = θ(1) for some nontriv-
ial x ∈ G . Then θ restricts to a character of the proper subgroup 〈x〉. Since x is in the kernel of θ |〈x〉 ,
it follows that θ(xn) = θ(1) for all integers n, and in particular θ is unfaithful on a Sylow p-subgroup
of G for every prime p dividing the order of x.
◦ p is a ﬁxed prime dividing the order of G ,
◦ P is a Sylow p-subgroup of G , and
◦ 1 = P0 = ker θ |P .
An important result to which we will refer often is the main theorem of [6], which provided the
inspiration for the present work.
Proposition 3.1. If S is a Sylow 2-subgroup of G, then θ |S is a faithful character of S. In particular, p = 2.
Proof. See [6, Theorem 2]. 
We begin by establishing the properties of P0.
Lemma 3.2. If H is a proper subgroup of G generated by conjugates of elements of P0 , then ker θ |H = H.
Proof. Set H0 = ker θ |H . Since θ is a class function on G , if h ∈ H is conjugate to an element of P0,
then h ∈ H0. Hence the generators of H are all contained in H0, which implies the result. 
Lemma 3.3. If M is a proper subgroup of G containing P0 and H  M, then [P0, H] ker θ |H .
Proof. [P0, H] = ker θ |[P0,H] by Lemma 3.2. 
Lemma 3.4. P0 is strongly closed.
Proof. If P0  G the result is trivial, hence we may assume that N = NG(P0) < G . Thus K = ker θ |N
is a normal subgroup of N by Lemma 2.2 part (ii), and P0 = P ∩ K is a Sylow p-subgroup of K .
Moreover P0 is normal in K , hence in fact P0 is characteristic in K . But then if g−1ag ∈ N for some
g ∈ G and a ∈ P0, then g−1ag ∈ K since θ is a class function on G , hence g−1ag ∈ P0. 
Suppose a proper subgroup H of G has no proper normal subgroup of order divisible by p. If P0
intersects H nontrivially, then ker θ |H is a normal subgroup of H containing p-elements, hence must
be all of H . We obtain a contradiction of Proposition 3.1 if H has even order. We generalize this
argument in the following two lemmas.
Lemma 3.5. Suppose H is a proper subgroup of G, N  H, the order of H/N is even, and P0 ∩ N < P0 ∩ H (so
in particular P0 intersects H nontrivially). Then H/N has a proper normal subgroup whose order is odd and
divisible by p.
Proof. Set H0 = ker θ |H and let bars denote passage to the quotient H = H/N; we will show that
H0 has the required properties. By Lemma 2.2 part (ii), H0 is a normal subgroup of H , and clearly
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H0N = H so H/N ∼= H0/H0 ∩ N and H0 has even order, contradicting Proposition 3.1. Hence H0 is
proper in H , completing the proof. 
It follows immediately that:
Lemma 3.6. Suppose N is a normal subgroup of G of order prime to p, and let bars denote passage to the
quotient G = G/N. If H is a proper subgroup of G of even order having no proper normal subgroup whose
order is odd and divisible by p, then P0 ∩ H = 1.
We will most often use Lemma 3.6 with N = 1 or N = Z(G).
Proposition 3.7. G is quasisimple with cyclic center of order prime to p.
Proof. That the center of G is cyclic follows from basic representation theory (see [11, (2.32)]) after
observing that G has a faithful irreducible character (Lemma 2.2 part (iii)). The proof of the remainder
of the proposition is by contradiction.
Assume then that either G is not quasisimple or p divides the order of Z(G). We begin by showing
that
there exists 1 = K  G such that θ is constant on K . (3.1)
To obtain a contradiction, suppose this is not the case. Then any nontrivial normal subgroup generated
by conjugates of elements of P0 must be all of G by Lemma 3.2. In particular we argue that
(i) 〈P0G〉 = G ,
(ii) P0 ∩ Z(G) = 1, and
(iii) if N is any proper normal subgroup of G , then [N, P0] = 1.
These statements follow from considering K = 〈P0G〉, K = 〈(P0 ∩ Z(G))G〉, and K = 〈[N, P0]G〉, respec-
tively. In each case K satisﬁes the requirements of (3.1). Since we are proving (3.1) by contradiction,
(i)–(iii) must hold.
Let N be a proper normal subgroup of G . Then [N, P0]G = 1G implies [N, P0G ] = 1, or since N
commutes with the generators of G , N  Z(G). It follows that G/Z(G) is simple, and in fact non-
abelian simple since otherwise G/Z(G) is cyclic and G is abelian (contradicting Lemma 2.2 part (i)).
It follows as well that G ′ = G , since otherwise G ′  Z(G) implies G/Z(G) is abelian and G is nilpotent,
a contradiction as before. Thus G is quasisimple. Since we are proceeding by contradiction, we must
have that p divides |Z(G)|, so P0 is not a Sylow p-subgroup of G by (ii). But then the classiﬁcation
in [12, Theorem 1.2] implies that P0 ∩ Z(G) is a Sylow p-subgroup of Z(G), contradicting (ii) and
thereby establishing (3.1).
Now let K be a nontrivial proper normal subgroup of G on which θ is constant. Since θ is constant
as well on subgroups of K , we may assume that K is a minimal normal subgroup of G . If K is the
direct product of nonabelian simple groups, then K has even order, contradicting Proposition 3.1. Thus
K is elementary abelian of odd order.
We show next that G/K is cyclic. The argument follows [6, Lemma 6].
Suppose by way of contradiction that G/K is not cyclic. Then for every x ∈ G the subgroup Kx =
〈x, K 〉 is proper in G , and in particular θ |Kx is a character. Since K  ker θ |Kx , θ |Kx is constant on each
coset xK . It follows that θ is a class function on G/K since
θ
(
g−1xgK
)= θ(g−1xg)= θ(x) = θ(xK ).
Hence θ is a C-linear combination of irreducible characters of G/K , which implies that θ is a C-linear
combination of irreducible characters of G whose kernels contain K . Since θ is a virtual character
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But since θ is a minimal Heilbronn character of G , some irreducible constituent must occur with
negative multiplicity, and that character is necessarily faithful (Lemma 2.2 part (iii)). This contradicts
the conclusion that each irreducible constituent of θ has K in its kernel, hence G/K is cyclic.
Finally, since K is elementary abelian and G/K is cyclic, G is an M-group [13, Corollary 15.6]. This
contradiction (of Lemma 2.2 (i)) completes the proof. 
We obtain an immediate important corollary:
Corollary 3.8. If G/Z(G) is not isomorphic to one of the groups listed in the conclusion of [12, Theorem 1.2]
(the classiﬁcation of strongly closed subgroups of ﬁnite groups), then P0 = P .
Proof. Proposition 3.7 implies all of the hypotheses of the theorem except P0 < P . 
Our results also support the following observation:
Corollary 3.9. Both P and P0 are isomorphic to their images in the quotient G/Z(G).
In particular we may identify P and P0 with their images in G/Z(G). (We will exercise care when
passing to quotients and, similarly, to extensions of G , since the properties of θ that hold in G do not
translate to these groups—θ is not generally a virtual character of quotients or extensions of G .)
Proposition 3.7 permits us to invoke the Classiﬁcation of the Finite Simple Groups as we turn to
the proof that P is cyclic. Some of the results obtained go beyond that which is needed to prove
Theorem 1. In particular we ﬁnd many groups that do not possess unfaithful minimal Heilbronn
characters.
Henceforth let bars denote passage to the simple quotient G = G/Z(G).
Lemma 3.10. If G is an alternating group An, then n = p, P is cyclic, and θ restricts to a faithful character of a
Sylow q-subgroup for every q = p.
Proof. Let G be an alternating group (of degree at least 5 by Proposition 3.7), and observe that if
n = p then P is indeed cyclic.
To obtain a contradiction suppose n > p. Since the alternating groups do not appear in the clas-
siﬁcation in [12, Theorem 1.2], P0 = P by Corollary 3.8. Since P contains a p-cycle, P0 intersects a
subgroup H ∼= An−1 (the stabilizer of a point in G) nontrivially. Then either H is simple, or n = 5,
p = 3, and H ∼= A4, which admits no proper normal subgroup of order divisible by 3. In either case H
has even order, contradicting Lemma 3.6. Thus n = p.
Finally, if θ is unfaithful on a Sylow q-subgroup of G , then n = q as well, hence q = p. 
Lemma 3.11. If G is a group of Lie type in characteristic p, then G ∼= L2(p) and P = P0 is cyclic of order p.
Proof. Let G be a group of Lie type in characteristic p. We argue that, except when G ∼= L2(p) (in
which case P is indeed cyclic of order p), P0 nontrivially intersects a subgroup H satisfying the
hypotheses of Lemma 3.6, yielding a contradiction.
If G is not a unitary group U3(q) or a Ree group 2G2(3n), then P = P0 by Corollary 3.8 and the
classiﬁcation in [12, Theorem 1.2]. In this case a fundamental subgroup H ∼= SL2(q) of G suﬃces to
secure a contradiction unless G ∼= L2(q) [14, Theorem 3.2.8]. If G ∼= L2(q) and q = p, then we may
derive a contradiction by taking the subgroup H obtained by restricting the entries of G to the prime
subﬁeld Fp .
Otherwise G is isomorphic to U3(q) or 2G2(3n), and Z(P )  P0 by [12, Theorem 1.2]. If G ∼=
U3(q), then by elementary calculations Z(P ) is contained in a fundamental subgroup H ∼= SL2(q)
(a component of an involution centralizer), thereby providing the requisite contradiction. If instead G
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has a proper subgroup H ∼= 2G2(3), and we may assume that P ∩ H ∈ Sylp(H). A parabolic subgroup
of H is dihedral of order 18, and in particular there is an element h ∈ P ∩H of order 9. Then h3 ∈ Z(P )
by [15], so P0 intersects H nontrivially, providing the contradiction needed to complete the proof. 
Lemma 3.12. If G is a group of Lie type in characteristic other than p, then P is cyclic.
Proof. Assume by way of contradiction that G is a group of Lie type in characteristic r = p and P is
not cyclic. We begin by proving that
there is a subgroup A0 of P0 with A0 ∼= Zp × Zp . (3.2)
This is immediate if P0 = P (since P is not cyclic by assumption), and if P0 < P , then by [12, The-
orem 1.2] either P is abelian and P0 is homocyclic of the same rank as P (whence (3.2) follows),
or G ∼= G2(q), p = 3, and P0 = Z(P ). In the latter case CG(P0) is isomorphic to SL3(q) or SU3(q) by
the proof of [12, Proposition 2.7], and in particular P0 centralizes an r-subgroup of G , so P0 is con-
tained in a parabolic subgroup Y of G . If R is the unipotent radical of Y , then [P0, R]  ker θ |R by
Lemma 3.3. By [14, Theorem 2.6.5], CG(R) = Z(R)Z(G), so P0 does not centralize R , and [P0, R] is
therefore a nontrivial r-subgroup of G on which θ is constant. This contradicts Lemma 3.11 (for the
prime r), establishing (3.2).
We prove next that
θ acts faithfully on every r-subgroup of G. (3.3)
If not, then we may substitute the prime r for p in Lemma 3.11 to conclude that G is isomorphic
to L2(r). This contradicts (3.2) since the cross-characteristic odd-order Sylow subgroups of L2(r) are
all cyclic. Hence (3.3) holds.
We argue that
p divides the order of the Schur multiplier of G. (3.4)
Let Ĝ be the universal cover of G , and let G be a simply connected universal algebraic group deﬁned
over the algebraic closure of Fr having Ĝ as the set of ﬁxed points of a Steinberg endomorphism.
Suppose, to obtain a contradiction, that (3.4) does not hold. Then A0 remains abelian in Ĝ and in G ,
hence is contained in a maximal torus of G . By [16, (2.7)] a nontrivial subgroup A of A0 is con-
tained in a proper parabolic subgroup Ŷ of Ĝ , and it follows that A is contained in a corresponding
parabolic Y of G (since, by assumption, A is not in the center of Ĝ). As in the argument establish-
ing (3.2), it follows that the commutator [A, R] of A with the unipotent radical R of Y is a nontrivial
r-subgroup of G on which θ is constant, contradicting (3.3) and thereby establishing (3.4).
It follows that
P0 = P , (3.5)
since otherwise P is abelian but not elementary abelian by [12, Theorem 1.2] (as we have already
eliminated the exceptional G2(q) case), whence (3.4) is false by [12, Proposition 2.4, part (7)].
The orders of the cross-characteristic components of the Schur multipliers of the groups of Lie
type are given in [17, Table 6]. Since p is odd it is clear from the table that either G ∼= An(q) or
2An(q) with p dividing gcd(n + 1,q − 1) or gcd(n + 1,q + 1), respectively, or G ∼= E6(q) or 2E6(q)
with p dividing gcd(3,q − 1) or gcd(3,q + 1), respectively. It follows that p = 3 and q = 2, since
otherwise these conditions on p ensure that P0 intersects a fundamental subgroup H ∼= SL2(q) non-
trivially [14, Theorem 3.2.8], contradicting Lemma 3.6. Moreover, since 3 does not divide 2 − 1, G is
not isomorphic to An(2) or E6(2). Thus G ∼= 2An(2) or 2E6(2), and in the unitary case n  4 since
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and 2E6(2) have subgroups H ∼= 2A3(2) yields the ﬁnal contradiction of Lemma 3.6, completing the
proof. 
To facilitate our discussion of the sporadic groups, we extend the deﬁnition of p-singular, usually
applied to an element of order divisible by p, to subgroups: A subgroup H of a group G is said to be
p-singular if and only if p divides the order of H .
Lemma 3.13. If G is a sporadic simple group, then P is cyclic and one of the following holds:
(i) G ∼= J1 and p = 19,
(ii) G ∼= M23 and p = 23,
(iii) G ∼= Ly and p = 37 or 67,
(iv) G ∼= J4 and p = 29 or 43,
(v) G ∼= Fi′24 and p = 29,
(vi) G ∼= B and p = 47.
Remark. We include the Tits group 2F4(2)′ in our treatment below even though Lemma 3.12 has
already established that P is cyclic for this group. We obtain the stronger result that in fact G is not
the Tits group.
Proof of Lemma 3.13. Table 1 lists each sporadic simple group G together with the odd primes p
dividing the order of G . For each pair (G, p), a proper subgroup H intersecting P0 nontrivially and
admitting no normal p-singular subgroup is speciﬁed, if possible. If such a subgroup H exists, then it
provides a contradiction of Lemma 3.6 for the given prime p. Before we address the details involved
in ensuring that H intersects P0 nontrivially, we remark that such subgroups H do indeed exist and
are speciﬁed in Table 1 for all pairs (G, p) where a Sylow p-subgroup of G is not cyclic, with the
single exception of the pair ( J3,3). This proves the lemma in all cases but this one, which we treat
separately. Observe further that the cases where such a subgroup H cannot be found (indicated by
a “–” in the table) are the only candidates for unfaithful minimal Heilbronn characters among the
sporadic simple groups.
The cases in which P0 may be a proper subgroup of P in a sporadic simple group are classiﬁed
in [12, Theorem 1.2] and are:
1. p = 3, G isomorphic to J2 or J3;
2. p = 5, G isomorphic to HS, Mc, Co3, or Co2;
3. p = 11, G isomorphic to J4.
In these cases, except for G ∼= J3 which is addressed below, Table 1 speciﬁes a subgroup H containing
a full Sylow p-subgroup of G , thereby ensuring that P0 intersects H nontrivially (the same is true for
G ∼= 2F4(2)′ and each odd prime dividing its order). In all other cases it suﬃces to have p divide the
order of H .
Aside from these considerations, nothing should be inferred from the selection of a particular
subgroup H for inclusion in the table—there are in general multiple reasonable choices.
Thus, unless G ∼= J3 and p = 3, the lemma is proven by Table 1 and the comments above.
Suppose then that G is isomorphic to J3 and p = 3. We show ﬁrst that
Z(P ) P0. (3.6)
This is clear when P0 = P or P0 = Z(P ); by [12, Theorem 1.2] the only other possibility is P0 =
Ω1(P ) ∼= E27, in which case Z(P ) ∼= E9 implies Z(P )Ω1(P ), establishing (3.6).
Choosing a ∈ P with a in the noncentral conjugacy class of 3-elements,
Z(P ) NG
(〈a〉)∼= (Z3 × A6)  Z2 (3.7)
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Some p-singular subgroups of sporadic simple groups.
G p H
M11 3,5,11 L2(11)
M12 3,5,11 M11
J1 3,5,11 L2(11)
J1 7 23 : 7
J1 19 –
M22 3,5,7 A7
M22 11 L2(11)
J2 3,7 U3(3)
J2 5 A5
M23 3,5,7,11 M22
M23 23 –
2 F4(2)′ 3,13 L3(3)
2 F4(2)′ 5 L2(25)
HS 3,5,7 U3(5)
HS 11 M11
J3 3 see text
J3 5,19 L2(19)
J3 17 L2(17)
M24 3,5,7,11,23 M23
Mc 3,5,7 U3(5)
Mc 11 M11
He 3,5,17 S4(4)
He 7 22 · L3(4)
Ru 3,5,7,29 L2(29)
Ru 13 L2(13)
Suz 3,5,7,13 G2(4)
Suz 11 M12
O ′N 3,5,7,11,19 J1
O ′N 31 L2(31)
Co3 3,5,7,11 Mc
Co3 23 M23
Co2 3,5,7,11 Mc
Co2 23 M23
Fi22 3,5,7,11 2 · U6(2)
Fi22 13 O 7(3)
HN 3,5,7,11 A12
HN 19 U3(8)
Ly 3,5,7,31 G2(5)
Ly 11 2 · A11
Ly 37,67 –
Th 3,5,7,31 25 · L5(2)
Th 13 3D4(2)
Th 19 U3(8)
Fi23 3,5,7,11,13 Fi22
Fi23 17 L2(17)
Fi23 23 M23
Co1 3,5,7,11,23 Co2
Co1 13 3 · Suz
J4 3,5,11,37 U3(11)
J4 7,23 M24
J4 31 210 : L5(2)
J4 29,43 –
Fi′24 3,5,7,11,13,17,23 Fi23
Fi′24 29 –
B 3,5,7,11,13 Fi22
B 17,19 2E6(2)
B 23 21+22+ · Co2
B 31 53 · L3(5)
B 47 –
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G p H
M 3,5,7,11,13,17,19,23,31,47 2 · B
M 29 3 · Fi′24
M 41 38 · O−8 (3)
M 59 L2(59)
M 71 L2(71)
(cf. [17]). In particular, |Z(P )| = 9 implies Z(P ) intersects the A6 component of the normalizer non-
trivially, hence so does P0. This contradicts Lemma 3.6, completing the proof of the lemma. 
By the preceding results and the Classiﬁcation of the Finite Simple Groups, we have now proven
that:
Proposition 3.14. P is cyclic.
We proceed to establish the remaining two conclusions of Theorem 1: NG(P ) is maximal, and,
with one exceptional family, NG(P ) is the unique maximal subgroup containing P0.
Lemma 3.15. NG(P ) = NG(P0) = NG(Ω1(P )).
Proof. We show ﬁrst that NG(P ) = NG(P0), which holds trivially if P0 = P . Otherwise P0 < P
and [12, Corollary 2.8] yields the desired result unless p = 3 and G ∼= J2 or G ∼= G2(q) with 3  q. These
cases do not occur—see Table 1 for J2; for G2(q) observe that a Sylow 3-subgroup is nonabelian—
hence, in particular, not cyclic—when 3  q (cf. [12, Proposition 2.7]).
Since P is cyclic Ω1(P ) is a characteristic subgroup of P0. It follows that Ω1(P ) is strongly closed,
hence NG(P ) = NG(Ω1(P )) by replacing P0 with Ω1(P ) in the preceding argument. 
Let E(G), F (G), and F ∗(G) denote the layer, Fitting subgroup, and generalized Fitting subgroup
of G , respectively.
Lemma 3.16. If M is a proper subgroup of G containing P0 , then P0 acts trivially on E(M).
Proof. Let E = E(M). By basic properties of commutators, [E, P0] 〈E, P0〉. Since E is normal in M ,
[E, P0]  E , so in fact [E, P0]  E . By Lemma 3.2, [E, P0]  ker θ |E , so in particular [E, P0] is an
odd-order normal subgroup of E . Since E is the central product of quasisimple groups, it follows that
[E, P0] Z(E). Thus [E, P0, E] = [P0, E, E] = 1, so [E, E, P0] = 1 by the Three Subgroup Lemma. Since
E is perfect, [E, P0] = 1, which was to be shown. 
Proposition 3.17. NG(P ) is a maximal subgroup of G.
Proof. Let M be a maximal subgroup of G containing NG(P ) = NG(P0); we show that P0 is normal
in M .
We establish ﬁrst that
P0 is contained in the commutator subgroup M ′ of M. (3.8)
By the Schur–Zassenhaus Theorem, NG(P ) = P  H for some p′-subgroup H . By Fitting’s Lemma
P = CP (H) × [P , H], but since P is cyclic one component must be trivial. If P = CP (H), then P com-
mutes with the generators of NG(P ), so G has a normal p-complement by Burnside’s N/C Theorem.
Hence P = [P , H], proving (3.8).
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P0 acts trivially on the Fitting subgroup F = F (M). (3.9)
It suﬃces to show that P0 acts trivially on the Sylow subgroups of F . Let R be a Sylow subgroup
of F , and suppose, to obtain a contradiction, that [P0, R] = 1. Since R  M , 1 = [P0, R] ker θ |R (by
Lemma 3.3), so R is cyclic by Proposition 3.14. Since CM(R) is the kernel of the action of M on R
by conjugation, M/CM(R) is isomorphic to a subgroup of the abelian group Aut(R). It follows that
M ′  CM(R), and since P0  M ′ by (3.8), [P0, R] = 1, a contradiction. This establishes (3.9).
By Lemma 3.16, P0 acts trivially on E = E(M) as well, hence P0 centralizes the generalized Fitting
subgroup F ∗(M) = E F . It follows that P0 is contained in the center of the Fitting subgroup. Then
since P is cyclic, P0 is characteristic in a Sylow p-subgroup of F , hence P0 is normal in M . 
Lemma 3.18 sharply restricts the groups of Lie type in which θ may be unfaithful on a parabolic
subgroup:
Lemma3.18. Let G be a group of Lie type in characteristic r and suppose ker θ |Y is nontrivial for some parabolic
subgroup Y of G. Then r is odd and G/Z(G) ∼= L2(r).
Proof. We show that
r is odd and a Sylow r-subgroup of G is cyclic. (3.10)
The result then follows from the observation that the only simple groups of Lie type with cyclic
equi-characteristic Sylow subgroups are the groups L2(r) with r prime.
Let s be a prime dividing the order of ker θ |Y and let S be a Sylow s-subgroup of Y . If s = r
then (3.10) follows immediately from Propositions 3.1 and 3.14. Otherwise S acts nontrivially on the
unipotent radical R of Y by [14, Theorem 2.6.5], hence 1 = [S, R] ker θ |R (by Lemma 3.3). By Propo-
sitions 3.1 and 3.14 we obtain (3.10), completing the proof. 
We consider next the action in a group of Lie type of P0 on the Fitting subgroup of an arbitrary
maximal subgroup M containing P0, i.e. one in which P0 is not assumed to be normal.
Lemma 3.19. Suppose G is a group of Lie type in characteristic r and M is a maximal subgroup of G con-
taining P0 . Then either P0 centralizes the Fitting subgroup F = F (M), or G/Z(G) ∼= L2(r), r is an odd prime,
p divides r − 1, and M is the normalizer of a Sylow r-subgroup of G.
Proof. We show that P0 centralizes each Sylow subgroup of F . Let S be a Sylow s-subgroup of F ,
and observe that S  M (so in fact M = NG(S)). Suppose, to obtain a contradiction, that P0 acts
nontrivially on S . Then since 1 = [P0, S] ker θ |S (by Lemma 3.3), s is odd and S is cyclic by Propo-
sition 3.14. If s = r is the characteristic of G , then G/Z(G) is isomorphic to L2(r) by Lemma 3.18. But
then p divides |Aut(S)| = r − 1, which is precisely the speciﬁed exception. Hence s = r.
Let Ĝ be the universal cover of G . By Lemma 2.3, neither s nor p divides the order of the Schur
multiplier of G , so we may identify S and P with their isomorphic images in Ĝ (taking care, though,
to restrict our dependence on the properties of θ in the ensuing argument to the group G , as θ is not
generally a virtual character of Ĝ). We establish ﬁrst that
neither S nor P0 intersects a parabolic subgroup of Ĝ nontrivially. (3.11)
For otherwise S or P0 intersects a corresponding parabolic subgroup of G nontrivially, and G/Z(G) ∼=
L2(r) by Lemma 3.18. But then the normalizer of S is dihedral, contradicting the assumption that P0
acts nontrivially on S (since p  |NG(S)/CG (S)| = 2).
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Weyl groups of the groups of Lie type.
Group Weyl group Weyl group order
Al(q) Sl+1 (l + 1)!
2 Al(q), l odd Z2  S(l+1)/2 2(l+1)/2 · ((l + 1)/2)!
2 Al(q), l even Z2  Sl/2 2l/2 · (l/2)!
Bl(q) Z2  Sl 2l · l!
2B2(q) Z2 2
Cl(q) Z2  Sl 2l · l!
Dl(q) E2l−1  Sl 2
l−1 · l!
2Dl(q) Z2  Sl−1 2l−1 · (l − 1)!
3D4(q) D12 22 · 3
G2(q) D12 22 · 3
2G2(q) Z2 2
F4(q) 21+4 : (S3 × S3) 27 · 32
2 F4(q) D16 24
E6(q) U4(2) · 2 27 · 34 · 5
2E6(q) 21+4 : (S3 × S3) 27 · 32
E7(q) Z2 × S6(2) 210 · 34 · 5 · 7
E8(q) 2 · O+8 (2) · 2 214 · 35 · 52 · 7
We consider ﬁrst the case where G is a classical group. Let V denote the underlying natural mod-
ule, and let n denote the dimension of V . Assuming without loss of generality that P0 = Ω1(P ),
P0 ﬁxes some nonzero vector v ∈ V by [18, p. 74] applied to the subgroup Ω1(S)  P0 of G . If v is
isotropic (which is always the case when G is linear or symplectic), then P0 intersects a parabolic
subgroup Ŷ of Ĝ nontrivially, contradicting (3.11). If instead v is not isotropic (so G is unitary or or-
thogonal), then observe that P0 acts on the perpendicular space v⊥ of dimension n−1. It follows that
P0 normalizes the stabilizer Ĥ of v⊥ , a subgroup of the same Lie type and characteristic as Ĝ but of
smaller rank. Let H be the subgroup of G corresponding to Ĥ in Ĝ (so P0  NG(H)), and let R be a Sy-
low r-subgroup of H . If P0 centralizes R , then P0  NG(R), a parabolic subgroup, contradicting (3.11).
Hence 1 = [P0, R] ker θ |H  H , and in particular ker θ |H maps onto a nontrivial odd-order normal
subgroup of H/Z(H) (by the usual arguments, including Proposition 3.1, Lemma 3.3, Proposition 3.14,
and Lemma 2.3). But H/Z(H) is simple unless G/Z(G) ∼= U3(3), U4(2), or PΩ±6 (2), in which case
H/Z(H) is isomorphic to L2(3) ∼= S4, U3(2) ∼= 32.Q 8, or PΩ5(2) ∼= S6, respectively. The ﬁrst and last
of these groups have no nontrivial odd-order normal subgroups, and if p = 3 in G/Z(G) ∼= U4(2), then
p divides the order of a parabolic. This establishes that G is not classical.
It remains to consider the exceptional (twisted and untwisted) groups of Lie type. We eliminate
these by passing to a simply connected universal algebraic group G having Ĝ as the set of ﬁxed
points of a Steinberg endomorphism. By our identiﬁcation of S and P with their isomorphic images
in Ĝ  G , we may consider S and P as subgroups of G . (Note that the argument that follows for the
untwisted exceptional groups of Lie type works as well for the untwisted classical groups, thereby
eliminating these groups redundantly.)
We begin by proving that
p divides the order of the Weyl group W of the algebraic group G. (3.12)
By [14, Theorem 4.2.2 (and its proof)], CĜ (S) = LT where L is a central product of groups of Lie
type in characteristic r. If L is nontrivial, then S centralizes some nontrivial r-subgroup of Ĝ , hence
is contained in a parabolic subgroup of Ĝ , contradicting (3.11). Hence L = 1, and it follows from [14,
Theorem 4.2.2] that CG(S) = T is a maximal torus. Thus P0 normalizes but does not centralize T
(since the same is true of the action of P0 on S), and (3.12) follows from the observation that W ∼=
NG(T )/T .
If G is an untwisted group, then the Weyl group W of G is isomorphic to W . By (3.12) and
Lemma 3.5, there is a proper, normal, odd-order subgroup H of W with p dividing the order of H .
Referring to Table 2 (which lists the isomorphism types and orders of the Weyl groups of the groups
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unless p = 3 and W ∼= S3 or D12 (for G/Z(G) ∼= L3(q) or G2(q), respectively). As P0 ∼= Z3 is contained
in a parabolic subgroup in these cases, G is not an untwisted group.
It remains to consider G/Z(G) a Suzuki or Ree group, 3D4(q), or 2E6(q). In the case of the Suzuki
groups, W is a 2-group, contradicting (3.12). In 3D4(q) and the Ree groups, p = 3 is the only odd
prime dividing the order of W , and p = 3 divides the order of a parabolic. Suppose then that
G/Z(G) ∼= 2E6(q). In this case the odd primes dividing the order of W are p = 3 and p = 5, and
as it is clear that p = 3 divides the order of a parabolic subgroup, we may assume that p = 5. An end
node maximal parabolic subgroup of G has a Levi factor L with L/Z(L) ∼= U6(q) [21, Table 4-1], and
L has a subgroup H ∼= A6 permuting the six vectors of an orthonormal unitary basis. Since p = 5 is
prime to the Schur multiplier of L, p divides the order of a parabolic subgroup in this case as well,
completing the proof. 
Proposition 3.20. Either NG(P ) is the unique maximal subgroup of G containing Ω1(P ), or G/Z(G) ∼= L2(q)
for q an odd prime with p dividing q−1. (In the latter caseΩ1(P ) is also contained in a Borel subgroup NG(Q )
for some Sylow q-subgroup Q of G.)
Proof. Let M be a maximal subgroup of G containing Ω1(P ); we will show in general that Ω1(P )
is normal in M . Since NG(P ) = NG(Ω1(P )) by Lemma 3.15, this will prove the result for all but the
excepted case.
Suppose ﬁrst that G is a group of Lie type, and if G ∼= L2(q) with q an odd prime and p dividing
q − 1, then M is not the normalizer of a Sylow q-subgroup of G . Then by Lemmas 3.16 and 3.19,
P0 acts trivially on the generalized Fitting subgroup F ∗(M). It follows, as in the last paragraph of the
proof of Proposition 3.17, that P0 is contained in the center of F (M) and is thereby normal in M ,
thus Ω1(P ) M .
If instead G ∼= L2(q), q is an odd prime, p divides q − 1, and M is the normalizer of a Sylow
q-subgroup, then the argument in the preceding paragraph ensures that Ω1(P ) is contained only in
its own normalizer and conjugates of M . Moreover Ω1(P ) is indeed contained in the normalizer M
of a Sylow q-subgroup: M ∼= Zq  Zq−1 or Zq  Z(q−1)/2 according to whether G ∼= SL2(q) or L2(q),
respectively, and in either case p divides the order of M . Since P is cyclic, Ω1(P ) is contained in
some conjugate of every p-singular subgroup of G , and in particular Ω1(P ) M for a suitable choice
of M .
Suppose next that G is an alternating group. Let N = 〈P0M〉 M . Then ker θ |N = N by Lemma 3.2,
hence N = P0 since θ is faithful on all other primes by Lemma 3.10. Thus P0 M .
Finally, if G is a sporadic simple group, then the possibilities for G and p are given in Lemma 3.13.
By direct inspection of the maximal subgroups of these groups, the normalizer of P is the unique
maximal subgroup containing Ω1(P ). 
4. Suﬃcient conditions for the existence of unfaithful minimal Heilbronn characters
In this section we complete the proof of Theorem 1 by establishing suﬃcient conditions to ensure
that a ﬁnite group possesses an unfaithful minimal Heilbronn character.
Lemmas 4.1 and 4.2 are well known, and are therefore stated without proof.
Lemma 4.1. Suppose N = P  H where P is an abelian p-group for some prime p. Then for any t ∈ Z, the
map ϕ :N → N deﬁned by
ϕ(n) = xth where n = xh, x ∈ P , h ∈ H
is a homomorphism with kerϕ = {x ∈ P | xt = 1}.
Lemma 4.2. If P is a cyclic p-group and h is a p′-element normalizing but not centralizing P , then every
element of P is a simple commutator of the form [x,h] for some x ∈ P .
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further that ψ restricts to a character of 〈g〉Z(G), and that ψ |Z(G) = χ |Z(G) for some irreducible character χ
of G. Then ψ(zg) = ζ · ψ(g) for ζ an |Z(G)|th root of unity, primitive if and only if χ is faithful.
Proof. Let Ψ be a matrix representation affording χ . Then Ψ (z) is a scalar matrix by Schur’s Lemma:
Ψ (z) = ζ I where ζ ∈ C and I is the identity matrix. If n = |Z(G)|, then n > 1 and I = Ψ (zn) =
Ψ (z)n = ζn I implies ζn = 1, i.e. ζ is an nth root of unity. Since G is quasisimple, kerχ  Z(G), and it
follows that ζ is primitive if and only if χ is faithful. Finally, let Ψ˜ be a representation affording ψ on
〈g〉Z(G) (so in particular Ψ˜ |Z(G) = Ψ |Z(G)). Then Ψ˜ (zg) = Ψ˜ (z)Ψ˜ (g) = ζ Ψ˜ (g) implies ψ(zg) = ζψ(g)
by considering the trace of the matrix ζ Ψ˜ (g). 
Proof of Theorem 1—Suﬃciency. Let N = NG(P ), and write N = P  H (by the Schur–Zassenhaus
Theorem). For x ∈ P , h ∈ H , deﬁne ϕ :N → N by ϕ(xh) = x|P1|h (as in Lemma 4.1). Let π be any
faithful irreducible character of G (such a character exists by Lemma 2.3). Deﬁne the map θ :G → C
by
θ(g) =
{
π(ϕ(n)) if g is conjugate to n ∈ N;
π(g) otherwise
(4.1)
unless G/Z(G) ∼= L2(q) for q an odd prime with p dividing q − 1, in which case deﬁne
θ(g) =
⎧⎨
⎩
π(ϕ(n)) if g is conjugate to n ∈ N;
π(1) if |g| = q;
π(g) otherwise.
(4.2)
We argue that, up to the addition of a nonnegative number of copies of the principal character 1G
of G (which we will consider shortly), θ is a minimal Heilbronn character of G with ker θ |P = P1. In
the special case of (4.2), θ is unfaithful as well on an equi-characteristic Sylow subgroup of G .
Let Π :G → GL(V ) be a representation of G affording the character π . Then by Lemma 4.1, Θ =
Π |N ◦ ϕ is a representation of N into GL(V ) with kerΘ = P1. The map θ deﬁned in (4.1) or (4.2)
extends the character of N afforded by Θ to a class function on G .
Let M be a maximal subgroup of G . We argue that θ |M is a character of M . If M is conjugate to N ,
then θ |M is precisely the character afforded by the representation Θ . Suppose then that M is not
conjugate to N , and suppose further that N is the unique maximal subgroup of G containing Ω1(P ).
In this case we argue that θ |M = π |M . Let m ∈ M . If m is not conjugate to any element of N , then
θ(m) = π(m). Otherwise, replacing M by a conjugate (which is permissible since θ is a class function
on G), we may assume m ∈ N . Write m = xh for x ∈ P , h ∈ H .
Suppose that x and h commute. Since ϕ is the identity on H ,
θ(h) = π(h) for any h ∈ H . (4.3)
Hence if x = 1, then m ∈ H and θ(m) = π(m). Otherwise p divides the order of m, so Ω1(P )  M ,
a contradiction.
Thus if x = 1, [x,h] = 1. Then [x,h−1] = 1 as well, so x = [y,h−1] for some y ∈ P by Lemma 4.2.
Thus
x = [y,h−1]= y−1hyh−1,
which implies xh = y−1hy, i.e. xh is conjugate to h in N . Since θ and π are class functions on N , it
follows that θ(xh) = θ(h), which is π(h) = π(xh) by (4.3). Hence θ |M = π |M is a character of M .
It remains to consider the special case where G/Z(G) ∼= L2(q) for q an odd prime with p dividing
q − 1, and M is a Borel subgroup of G that contains Ω1(P ) and is not conjugate to N . Here M is a
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conjugate if necessary, C = M ∩ N is cyclic of order (q − 1)/2. By hypothesis q is prime, so |m| = q
for all nontrivial m ∈ Q , and in particular θ is constant on Q . Since we have established that θ |N is
a character of N , θ |C is a character of C  N . Thus θ |M is a character of the Frobenius complement
with the Frobenius kernel in its kernel, and is therefore a character of M .
We have shown that θ |M is a character for every maximal subgroup M of G . It follows that θ
restricts to a character of every elementary subgroup of G , and since θ is a G-class function, θ is a
virtual character of G by Brauer’s Characterization of Characters. Moreover, θ is not a character of G
since otherwise 1 = P1  ker θ  G contradicts the hypothesis that G is quasisimple with p′ center.
It remains to show that 〈θ,μ〉  0 for every monomial character μ of G (i.e. θ is a Heilbronn
character), and 〈θ,χ 〉 0 for every unfaithful irreducible character χ of G (completing the proof that
θ is in fact a minimal Heilbronn character—cf. Lemma 2.1 part (iv)).
We consider ﬁrst the inner product of θ with unfaithful irreducible characters χ of G , arguing that
if G is not simple then 〈θ,χ 〉 = 0 for every such χ (we consider the case where G is simple and χ is
the principal character separately). For any irreducible character χ of G (faithful or not),
〈θ,χ〉 = 1|G|
∑
g∈G
θ(g)χ(g) (4.4)
= 1|G|
∑
g∈G
∑
z∈Z(G)
θ(gz)χ(gz) (4.5)
where G = G/Z(G), and for g we choose a ﬁxed representative in G of the coset g Z(G). Let
Z(G) = 〈z〉. Observing that Z(G) H , θ |Z(G) = π |Z(G) by (4.3). It follows from Lemma 4.3 that
θ(gz) = ζ · θ(g) and χ(gz) = ω · χ(g) (4.6)
for ζ a primitive |Z(G)|th root of unity and ω an |Z(G)|th root of unity that is primitive if and only
if χ is faithful. Hence
〈θ,χ〉 = 1|G|
∑
g∈G
|Z(G)|∑
i=1
ζ iθ(g)ωiχ(g) (4.7)
= 1|G|
∑
g∈G
θ(g)χ(g)
|Z(G)|∑
i=1
(ζω)i . (4.8)
If ζω = 1, then the sum over each ﬁxed g ∈ G is zero since ζω is an |Z(G)|th root of unity. But if
|Z(G)| = 1, then ζω = 1 only when ω = ζ−1 is a primitive root, which occurs only when χ is faithful.
Hence if G is not simple, then 〈θ,χ 〉 = 0 for every unfaithful character χ ∈ Irr(G), as claimed.
We show ﬁnally that θ , perhaps with the addition of some copies of the principal character, is
a Heilbronn character. Let μ be a monomial character of G . If μ is induced from a linear character
of a proper subgroup H of G , then since θ |H is a character, 〈θ,μ〉  0 by Frobenius Reciprocity.
Otherwise μ is a linear character of G , and since G is quasisimple and therefore perfect, μ is in fact
the principal character 1G of G . If G is not simple, then since 1G is unfaithful, 〈θ,1G 〉 = 0 by the
argument in the preceding paragraph. Otherwise observe that we may add arbitrarily many copies of
the principal character to θ without changing the properties established thus far: θ + k · 1G remains a
virtual character but not a character of G that is a character restricted to every proper subgroup and
has P1 in its “kernel.” Thus if 〈θ,1G 〉 < 0, we redeﬁne θ by adding enough copies of the principal
character to overcome this obstruction. Hence θ is a Heilbronn character, completing the proof. 
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Corollary 4.4. Assume the hypotheses and notation of Theorem 1. Let π be any faithful irreducible character
of G, and deﬁne the map θ :G → C as in (4.1) or (4.2) of the preceding proof. Then for some nonnegative
integer k, θ˜ = θ + k · 1G is a minimal Heilbronn character of G with ker θ˜ |P = P1 . When G is not simple we
may take k = 0, and in this case 〈θ,χ 〉 = 0 for every unfaithful character χ ∈ Irr(G).
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